Abstract: Pythagorean fuzzy set is one of the successful extensions of the intuitionistic fuzzy set for handling uncertainties in information. Under this environment, in this paper, we introduce the notion of Pythagorean fuzzy Einstein hybrid averaging (PFEHA) aggregation operator along with some of its properties, namely idempotency, boundedness, and monotonicity. PFEHA aggregation operator is the generalization of Pythagorean fuzzy Einstein weighted averaging aggregation operator and Pythagorean fuzzy Einstein ordered weighted averaging aggregation operator. The operator proposed in this paper provides more accurate and precise results as compared to the existing operators. Therefore, this method plays a vital role in real-world problems. Finally, we applied the proposed operator and method to multiple-attribute group decision making.
Introduction
Multi-criteria decision making is one of the processes for finding the optimal alternative from all feasible alternatives according to some criteria or attributes. Traditionally, it has been generally assumed that all data that access the alternative in terms of criteria and their corresponding weights are expressed in the form of crisp numbers. However, most of the decisions in real-life situations are taken in the environment where the goals and constraints are generally imprecise or vague in nature. In order to handle the uncertainties, the intuitionistic fuzzy set [1] theory, one of the successful extensions of the fuzzy set theory [36] , which is characterized by the degree of membership and degree of non-membership, has been presented. Xu [25] developed some basic arithmetic aggregation operators, including intuitionistic fuzzy weighted averaging operator, intuitionistic fuzzy ordered weighted averaging operator, and intuitionistic fuzzy hybrid averaging operator. Xu and Yager [29] defined some basic geometric aggregation operators, such as intuitionistic fuzzy weighted geometric operator, intuitionistic fuzzy ordered weighted geometric operator, and intuitionistic fuzzy hybrid geometric operator. Wang and Liu [22, 23] introduced the notion of some Einstein aggregation operators, such as intuitionistic fuzzy Einstein weighted geometric operator, intuitionistic fuzzy Einstein ordered weighted geometric operator, intuitionistic fuzzy Einstein weighted averaging operator, and intuitionistic fuzzy Einstein ordered weighted averaging operator, and applied them to group decision making. In Refs. [5, 6, 8, 9, 20, 21, 24, 26, 27, 30, 31, 35] , many scholars worked in the field of intuitionistic fuzzy sets and introduced many aggregation operators and applied them to group decision making.
However, there are many cases where the decision maker may provide the degree of membership and non-membership of a particular attribute in such a way that their sum is greater than 1. For example, suppose a man expresses his preferences toward the alternative in such a way that degree of their satisfaction is 0.6 and the degree of rejection is 0.8. Obviously, its sum is greater than 1. Therefore, Yager [33] introduced the concept of another set called Pythagorean fuzzy set. Pythagorean fuzzy set is a more powerful tool to solve uncertain problems. Like intuitionistic fuzzy aggregation operators, Pythagorean fuzzy aggregation operators have also become an interesting and important area for research, after the advent of the Pythagorean fuzzy sets theory. In 2013, Yager and Abbasov [34] introduced the notion of two new Pythagorean fuzzy aggregation operators, such as Pythagorean fuzzy weighted averaging operator and Pythagorean fuzzy ordered weighted averaging operator. In Refs. [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] , Rahman et al. introduced the concept of many aggregation operators using Pythagorean fuzzy numbers and also applied them to group decision making. In Refs. [2] [3] [4] , Garg introduced the notion of Einstein averaging aggregation operator and Einstein geometric aggregation operator, and applied them to group decision making. In Ref. [37] , Zang and Xu introduced the notion of TOPSIS for multiple-criteria decision making with Pythagorean fuzzy sets. Xue et al. [32] , Liang et al. [7] , and Xu and Da [28] developed some methods and aggregation operators using Pythagorean fuzzy information.
Thus, keeping the advantages and applications of the above-mentioned aggregation operators, in this paper, we introduce the notion of Pythagorean fuzzy Einstein hybrid averaging (PFEHA) aggregation operator along with its desirable properties, namely idempotency, boundedness, and monotonicity. Actually, Pythagorean fuzzy Einstein weighted averaging (PFEWA) aggregation operator weights only the Pythagorean fuzzy arguments and Pythagorean fuzzy Einstein ordered weighted averaging (PFEOWA) aggregation operator weights only the ordered positions of the Pythagorean fuzzy arguments instead of weighting the Pythagorean fuzzy arguments themselves. To overcome these limitations, we introduce the concept of PFEHA aggregation operator, which weights both the given Pythagorean fuzzy value and its ordered position. Thus, the method proposed in this paper is more general, more flexible, and provides more accurate and precise results compared to the existing methods.
The remainder of this paper is structured as follows. In Section 2, we give some basic definitions and results, which will be used in later sections. In Section 3, we introduce the notion of PFEHA aggregation operator and method. In Section 4, we apply the proposed aggregation operator to multiple-attribute group decision-making problems with Pythagorean fuzzy information. In Section 5, we construct a numerical example. In Section 6, we compare the proposed method to other methods. In Section 7, we provide our conclusion.
Preliminaries
In the following, we developed Pythagorean fuzzy set, score function, and accuracy function.
Definition 1 ([37]
). Let Z be a universal set, then a Pythagorean fuzzy set can be defined as { , ( ), ( ) | },
where μ P (z) and η P (z) are mappings from Z to [0, 1], such that 0 ≤ μ P (z) ≤ 1, 0 ≤ η P (z) ≤ 1, and also 2 2 0 ( ) ( ) 1,
≤ for all z ∈ Z, and they denote the membership degree and non-membership degree of element z ∈ Z to set P, respectively. Let 2 2 ( ) 1 ( ) ( ),
− then it is called the Pythagorean fuzzy index of element z ∈ Z to set P, representing the degree of indeterminacy of z to P. Also, 0 ≤ π P (z) ≤ 1, for every z ∈ Z.
Definition 2 ([37]
). Let α = ⟨μ α , η α ⟩ be a Pythagorean fuzzy number, then the score function of α can be defined as
where
Definition 3 ([37]
). Let α = ⟨μ α , ν α ⟩ be a Pythagorean fuzzy number, then the accuracy function of α can be defined as
In the following, we developed some aggregation operators, such as Pythagorean fuzzy hybrid averaging (PFHA) operator, PFEWA aggregation operator, and PFEOWA aggregation operator. 
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PFEHA Aggregation Operator
In this section, we introduce the concept of PFEHA aggregation operator along with some of its basic properties, such as idempotency, boundedness, and monotonicity.
Definition 9.
The PFEHA aggregation operator can be defined as follows:
where ( ) j σ α is the j th largest of the weighted Pythagorean fuzzy values ( ) ,
T is the weighted vector of the PFEHA operator such that w j ∈[0, 1], and
and n is the balancing coefficient, which plays a role of balance. If the vector w = (w 1 , w 2 , w 3 , …, w n )
T approaches to 
Proof. We can prove this theorem by mathematical induction on n. 
Thus, the result is true for n = 2. Now, we assume that Eq. (8) holds for n = k. Thus ( ) 
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Now, putting the values of PFEHA ( , , , , ) PFHA ( , , , , ). PFHA ( , , , , )
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Then, Eqs. (13) and (14) can be transformed into the following forms:
, , PFEHA ( , , , , ) PFHA ( , , , , ).
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From Eqs. (20) to (23) PFEHA ( , , , , ) .
2. Boundedness: (1 ) (1 ) 2( ) PFEHA ( , , , , ) , .
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Then, Eqs. (29) and (30) PFEHA ( , , , , ) Thus   ,  1  2  3  max PFEHA ( , , , , ) . 
An Application of the PFEHA Aggregation Operator to Multiple-Attribute Group Decision Making
In this section, we investigate an application of the PFEHA aggregation operators to multiple-attribute group decision making with Pythagorean fuzzy information. Step 5: Calculate the scores of r j (i = 1, 2, 3, …, m). If there is no difference between two or more than two scores, then we have to find out the accuracy degrees of the collective overall preference values.
Step 6: Arrange the scores of all alternatives in descending order and select the alternative with the highest score function.
Numerical Example
Suppose a company wants to invest its money in the following best option: G 1 , car company; G 2 , food company; Step 1: Construct the decision-making matrices (Tables 1-4).
Step 2: Construct the normalized decision-making matrices (Tables 5-8).
Step 3: Utilize the PFEWA operator, we have Table 9 .
Step 4: Utilize , By calculating the score functions, we have Table 10 .
Step 5: Utilize the PFEHA aggregation operator, we have 
Step 6: Arrange the scores in descending order, we have G 5 is the best option (Table 11 ).
Comparison with Other Methods
In order to verify the effectiveness of the proposed method, we can compare the proposed method with other methods. First, we compare the proposed method with the method proposed by Rahman et al. [17] . The aggregation operator proposed by Rahman et al. [17] is based on algebraic operations, and that in this paper is based on Einstein operations. Obviously, the operator or method proposed in this paper is more general, more accurate, and more flexible. The Einstein operators proposed by Garg [2] are only the special cases of the proposed operator in this paper. The methods or operators proposed by Garg [2] are PFEWA aggregation operator, which weights only the Pythagorean fuzzy arguments, and PFEOWA aggregation operator, which weights only the ordered positions of the Pythagorean fuzzy arguments instead of weighting the Pythagorean fuzzy arguments themselves. To overcome these limitations in this paper, we have developed the notion of PFEHA aggregation operator, which weights both the given Pythagorean fuzzy value and its ordered position.
Conclusion
The objective of this paper is to present the PFEHA aggregation operator based on Pythagorean fuzzy numbers and to apply it to the multi-attribute group decision-making problems where the attribute values are Pythagorean fuzzy numbers. First, we have developed the PFEHA aggregation operator along with its properties. Furthermore, we have developed a method for multi-criteria group decision making based on this operator, and the operational processes have been illustrated in detail. An illustrative example of selecting the best company to invest money has been considered for demonstrating the approach. The suggested methodology can be used for any type of selection problem involving any number of selection attributes. We ended the paper with an application of the new approach in a group decision-making problem. In further research, it is necessary and meaningful to give the applications of this operator to the other domains, such as induction, interval numbers, fuzzy numbers, linguistic variables, pattern recognition, fuzzy cluster analysis, uncertain programming, etc. 
